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1. INTRODUCTION AND PRELIMINARIES
One of the first steps toward the current theory of discontinuous
differential equations was due to Caratheodory. In his book ‘‘Vorlesungen´
w xuber reelle funktionen’’ 4 , this author proposed a generalization of the¨
concept of a solution which was based on the fundamental theorem of
calculus for the Lebesgue integral: a solution of the initial value problem
w xx9 t s f t , x t , t g I s 0, 1 , x 0 s x g R, 1.1Ž . Ž . Ž . Ž .Ž . 0
Ž Ž .. 1Ž .is a function x: I “ R such that f ?, x ? g L I and
t
x t s x q f s, x s ds for all t g I ,Ž . Ž .Ž .H0
0
Ž .or, equivalently, a function x g AC I that satisfies the equation a.e.
Ž . Ž . Ž .almost everywhere on I and x 0 s x , where AC I denotes the space0
of absolutely continuous functions on I.
Ž .Classical sufficient existence conditions for problem 1.1 are the so-
called Caratheodory conditions:´
Ž . Ž .i For every x g R, f ?, x is Lebesgue measurable on I.
Ž . Ž .ii For a.e. t g I, f t, ? is continuous on R.
Ž . 1Ž .iii There exists c g L I such that
f t , x F c t for a.e. t g I and every x g R.Ž . Ž .
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Clearly, for the study of discontinuous differential equations, condition
Ž .ii is rather restrictive. Recently, Biles was able to replace this condition:
w x Ž .in 3 , condition ii is changed to the following:
Ž . Ž .qii9 For all t g I and all x g R, there exists lim f t, z andz “ x
lim sup f t , z F f t , x s lim f t , z .Ž . Ž . Ž .
qy z“xz“x
However, in this direction, and as far as the author is aware, the more
w xgeneral result is obtained by Hassan and Rzymowski 6 , where condition
Ž .ii is weakened to the following:
Ž .ii0 For a.e. t g I and all x g R,
lim sup f t , z F f t , x F lim inf f t , z .Ž . Ž . Ž .
qy z“xz“x
In this paper we shall deduce a result on the existence of extremal
solutions, via the method of upper and lower solutions, for functional
boundary value problems of the type
w xx9 t s f t , x t for a.e. t g I s 0, 1 , B x 0 , x s 0, 1.2Ž . Ž . Ž . Ž .Ž . Ž .
Ž .where B: R = BV I “ R may be discontinuous with respect to both of its
Ž .variables, as we shall see. We denote by BV I the space of functions of
bounded variation on I.
This general setting makes it possible to study different types of condi-
tions under a unique notation, which substantially simplifies the exposition
Žfor instance, it will suffice to give just one definition of the lower solution,
.suitable for a variety of boundary conditions . However, we must regard
the following choices for the appropriate definitions of B: for initial
Ž .conditions, x 0 s x g R, we consider0
B a, j ’ B a s a y x for all a g R,Ž . Ž . 0
and for the periodic conditions we take
B a, j ’ B a, j s j 1 y a for all a, j g R = BV I .Ž . Ž . Ž . Ž . Ž .
The method of upper and lower solutions has been applied to problems
with nonlinear conditions of the type
B x 0 , x t* s 0Ž . Ž .Ž .
Ž x w xfor some t* g 0, 1 : see, for instance, 8 , where B is assumed to be a
continuous function.
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Note that, besides the above-mentioned classical conditions, problem
Ž .1.2 is adequate to study, for instance, functional conditions of the form
1
x 0 s x 1r2 q x s ds.Ž . Ž . Ž .H
0
w xThis type of functional boundary condition is studied in 7 .
We shall assume that f satisfies the following set of assumptions:
Ž . Ž . Ž .HR 1 For every x g R, f ?, x is Lebesgue measurable on I.
Ž .2 For a.e. t g I,
lim sup f t , z F f t , x F lim inf f t , z for all x g R.Ž . Ž . Ž .
qy z“xz“x
Ž . 1Ž .3 For every R ) 0, there exists c g L I such that
< <f t , x F c t for a.e. t g I and all x g R with x F R.Ž . Ž .
Remark 1.1. It is not difficult to prove the results of the present work
Ž .for 1.2 to remain valid if we change the interval I by an arbitrary
w xcompact real interval a, b : a simple change of variable shows the equiva-
lence between the two problems.
Ž .Usually, upper and lower solutions for problems of the type 1.2 are
w xcontinuous functions; see 8, 10, 13 . However, this regularity assumption
w xcan be weakened as one can see in 5, 11 , where piecewise absolutely
continuous upper and lower solution are defined in order to get finer a
Žpriori bounds for the values the solutions take indeed, examples where
piecewise absolutely continuous upper and lower solutions provide sharper
w x.information than classical ones can be obtained: see Example 1 in 11 .
One of the main parts of the present work consists of a revision of the
concept of upper and lower solutions which covers the previous ones.
Moreover, the definition that will be introduced here naturally arise from
the study of differential inequalities, the base of the method of upper and
lower solutions, in the frame of the classical theory of functions of one real
variable.
Ž w x. Ž .By Lebesgue’s decomposition theorem see 14 for each x g BV I ,
there exists a unique decomposition
x s x q x ,a s
Ž . Ž .where x g AC I , x 0 s 0, and x is a singular function, i.e., such thata a s
X Ž .x t s 0 for a.e. t g I. The function x is called the absolutely continuouss a
part of x and x is the singular part.s
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qŽ .We shall denote by BV I the set of functions of bounded variation on
yŽ .I which have nondecreasing singular part, while BV I will stand for the
set of functions of bounded variation which have nonincreasing singular
part.
Now we can define the concept of lower and upper solution for problem
Ž .1.2 :
DEFINITION 1.1. A function a : I “ R is a lower solution of problem
Ž .1.2 if the following conditions are satisfied:
Ž . yŽ . Ž Ž .. 1Ž .i a g BV I , f ?, a ? g L I , and
a 9 t F f t , a t for a.e. t g I ;Ž . Ž .Ž .
Ž . Ž Ž . .ii B a 0 , a F 0.
Ž .A function b : I “ R is an upper solution of 1.2 if:
Ž . qŽ . Ž Ž .. 1Ž .i b g BV I , f ?, b ? g L I , and
b9 t G f t , b t for a.e. t g I ;Ž . Ž .Ž .
Ž . Ž Ž . .ii B b 0 , b G 0.
Remark 1.2. A function f : I = R “ R is said to be superpositionally
Ž Ž ..measurable or sup-measurable if f ?, x ? is measurable on I whenever x:
w xI “ R is a measurable function on I; see 2 .
For instance, Caratheodory functions are sup-measurable functions,´
Ž Ž .. 1Ž .so, in that case, the condition ‘‘ f ?, x ? g L I ’’ is unnecessary in Defini-
tion 1.1.
Ž . Ž Ž ..However, if f only satisfies HR , f ?, x ? may not be a measurable
Ž w x.function, even for continuous x see 6 .
Ž .In the space BV I we consider the usual pointwise partial ordering: for
Ž . Ž . Ž .¤ , w g BV I , we shall write ¤ F w when ¤ t F w t for all t g I. In such
a case, we define the interval
w x¤ , w s z g BV I : ¤ F z F w . 4Ž .
If a and b are, respectively, a lower and an upper solution of problem
Ž . Ž . w x1.2 and a F b , we say that a solution of 1.2 x is maximal in a , b if
w x Ž .for every y g a , b solution of 1.2 we have that x G y. We define the
w xminimal solution in a , b by reversing the inequalities. When both mini-
w xmal and maximal solutions in a , b exist, we call them the extremal
w xsolutions in a , b .
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2. INITIAL VALUE PROBLEMS
Consider the problem
x9 t s f t , x t for a.e. t g I , x 0 s x , 2.1Ž . Ž . Ž . Ž .Ž . 0
Ž .which corresponds to 1.2 with
B a, j ’ B a s a y x for all a g R.Ž . Ž . 0
w xThe following result is Theorem 3.1 in 6 , and we include it here for the
convenience of the reader.
Ž . Ž . Ž .THEOREM 2.1. If f : I = R “ R satisfies conditions 1 and 2 of HR
1Ž .and, moreo¤er, there exists c g L I such that
f t , x F c t for a.e. t g I and all x g R,Ž . Ž .
Ž . Žthen the initial ¤alue problem 2.1 has the extremal solutions among all its
.solutions for e¤ery x g R.0
w xThe following two lemmas, which are basically proven in 1 , will be used
in the proof of the main result of this section.
qŽ . Ž . Ž .LEMMA 2.2. If g g BV I is such that g 0 G 0 and g b - 0 for some
Ž x w .b g 0, 1 , then there exists t g 0, b such that1
xg t s 0 and g t - 0 for all t g t , b .Ž . Ž . Ž1 1
Proof. By Lebesgue’s decomposition theorem and the definition of
qŽ .BV I , we can write g s g q g , where g is an absolutely continuousa s a
function and g is nondecreasing. Hences
lim g t F g b - 0,Ž . Ž .
yt“b
Ž . Ž xand then there exists « ) 0 such that g t - 0 for all t g b y « , b .
 w . Ž . Ž x4Let r s inf s g 0, b : g t - 0 for all t g s, b - b. Using again the
decomposition g s g q g we havea s
g r F lim g t F 0.Ž . Ž .
qt“r
Ž .We are going to prove that g r s 0, and then it will suffice to take t s r :1
Ž .if r s 0, the conclusion follows from the hypothesis g 0 G 0.
Ž .Suppose g r - 0. Then
lim g t F g r - 0Ž . Ž .
yt“r
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Ž . Ž xand thus there exists d ) 0 such that g t - 0 for all t g r y d , r , which
contradicts the definition of r.
yŽ .We have an analogous result for BV I .
yŽ . Ž . Ž .LEMMA 2.3. If g g BV I is such that g 0 F 0 and g b ) 0 for some
Ž x w .b g 0, 1 , then there exists t g 0, b such that1
xg t s 0 and g t ) 0 for all t g t , b .Ž . Ž . Ž1 1
THEOREM 2.4. Let a and b be, respecti¤ely, a lower and an upper
Ž .solution of problem 2.1 .
Ž . Ž . Ž .Assume that a t F b t for all t g I and that f satisfies condition HR .
Ž . w xThen problem 2.1 has the extremal solutions in a , b .
Proof. First, consider the following modified problem
x9 t s F t , x t for a.e. t g I , x 0 s x , 2.2Ž . Ž . Ž . Ž .Ž . 0
where
¡f t , b t if x ) b t ,Ž . Ž .Ž .~ f t , x if a t F x F b t ,Ž . Ž . Ž .F t , x sŽ . ¢f t , a t if x - a t .Ž . Ž .Ž .
Assumptions over a , b , and f allow us to use Theorem 2.1 to ensure
Ž . Ž .that problem 2.2 has the extremal solutions among all its solutions .
Ž . w xNow we shall prove every solution x of 2.2 belongs to a , b . We shall
only demonstrate a F x, since the proof of x F b is similar.
Assume, by contradiction, that a Fu x in I. Then, by Lemma 2.3, there
exist t , t such that 0 F t - t F 1,1 2 1 2
a y x t s 0 and a y x t ) 0 for t g t , t . 2.3Ž . Ž . Ž . Ž . Ž . Ž .1 1 2
Ž .Since x is a solution of 2.2 , we have
w xa 9 t y x9 t F f t , a t y f t , a t s 0 for a.e. t g t , t ,Ž . Ž . Ž . Ž .Ž . Ž . 1 2
and then
t w xa 9 s ds F x t y x t for all t g t , t . 2.4Ž . Ž . Ž . Ž .H 1 1 2
t1
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Ž .Since a g BV I we have
t w xa t s a t q a 9 s ds q a t for all t g t , t ,Ž . Ž . Ž . Ž .Ha 1 s 1 2
t1
where a is the absolutely continuous part of a and a its singular part.a s
yŽ .Moreover, a g BV I , and then a is nonincreasing. Thuss
t
a t F a t q a t q a 9 s dsŽ . Ž . Ž . Ž .Ha 1 s 1
t1
t w xs a t q a 9 s ds for all t g t , t .Ž . Ž .H1 1 2
t1
Ž . Ž . Ž .Now using 2.4 and x t s a t we arrive at1 1
w xa t F x t for all t g t , t ,Ž . Ž . 1 2
Ž .which contradicts 2.3 .
Ž . ŽIf we only require a , b g BV I in the notation of the previous
.theorem , the existence of solutions between a and b may not be assured,
as one can see in the next example.
EXAMPLE 2.1. Consider
w xx9 t s 0 for all t g 0, 1 , x 0 s 1r4. 2.5Ž . Ž . Ž .
Ž . w x Ž .The function b t s 1 for all t g 0, 1 is an upper solution of 2.5 . On
the other hand,
w x0 if t g 0, 1r2 ,
a t sŽ . ½ x1r2 if t g 1r2, 1Ž
qŽ . Ž .satisfies a g BV I , a 9 ’ 0, and a 0 s 0 F 1r4.
Ž . Ž . w xHowever, the unique solution of 2.5 is x t s 1r4 for all t g 0, 1 and,
w xobviously, x f a , b .
w xEven when a is a continuous function the solvability between a , b
yŽ .cannot be assured if a f BV I . Indeed, consider a to be the singular
w x w xLebesgue]Cantor function on 0, 1 ; see 14 . The function a is nonde-
w x Ž qŽw x.. w xcreasing on 0, 1 and hence a g BV 0, 1 , it is continuous on 0, 1 ,
Ž . w xand a 9 t s 0 for a.e. t g 0, 1 .
Ž .Furthermore, a 0 s 0 F 1r4 and a F b.
Ž . Ž . w xHowever, it is not true that x t G a t for all t g 0, 1 because
Ž .a 1 s 1 ) 1r4.
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3. DISCONTINUOUS FUNCTIONAL
BOUNDARY CONDITIONS
In this section we shall prove a result on the existence of extremal
solutions between given upper and lower solution for the next problem
x9 t s f t , x t for a.e. t g I , 3.1Ž . Ž . Ž .Ž .
B x 0 , x s 0, 3.2Ž . Ž .Ž .
where the function B will be required to satisfy the following condition:
Ž . Ž . Ž .B B: R = BV I “ R is such that for every j g BV I we have
lim inf B z , j G B u , j G lim sup B z , j 3.3Ž . Ž . Ž . Ž .
y qz“u z“u
Ž .for all u g R. Moreover, for each u g R, the function B u, ? is nonin-
Ž .creasing on BV I .
For the periodic boundary conditions it suffices to define
B u , j s u y j 1 for u , j g R = BV I .Ž . Ž . Ž . Ž .
w xThe following proposition is Lemma 2.2 of 6 .
Ž .PROPOSITION 3.1. Let f : I = R “ R satisfy condition HR .
Ž .Define, for each t, x g I = R,
f * t , x s lim inf f t , z , f# t , x s lim sup f t , z .Ž . Ž . Ž . Ž .
q yz“x z“x
Ž Ž ..Then, for any continuous function x: I “ R, the compositions f * ?, x ?
Ž Ž ..and f# ?, x ? are Lebesgue-measurable on I.
w xFurthermore, for e¤ery x g R and a.e. t g 0, 1 , we ha¤e
lim sup f * t , z F f * t , x s lim inf f * t , z ,Ž . Ž . Ž .
qy z“xz“x
lim sup f# t , z s f# t , x F lim inf f# t , z .Ž . Ž . Ž .
qy z“xz“x
We need the following two technical lemmas.
Ž . Ž . Ž .LEMMA 3.2. Let a , b g C I be such that a t F b t for all t g I and
Ž .assume f satisfies condition HR .
If , for any t , t g I such that t F t , we ha¤e1 2 1 2
t2
a t y a t F f# s, a s ds, 3.4Ž . Ž . Ž . Ž .Ž .H2 1
t1
t2
b t y b t G f * s, b s ds, 3.5Ž . Ž . Ž . Ž .Ž .H2 1
t1
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w Ž . Ž .xthen, for e¤ery x g a 0 , b 0 , the initial ¤alue problem0
x9 t s f t , x t for a.e. t g I , x 0 s x 3.6Ž . Ž . Ž . Ž .Ž . 0
w xhas the extremal solutions in a , b .
Proof. Consider teh modified problem
x9 t s F t , x t for a.e. t g I , x 0 s x , 3.7Ž . Ž . Ž . Ž .Ž . 0
where
¡f * t , b t if x ) b t ,Ž . Ž .Ž .~ f t , x if a t F x F b t ,Ž . Ž . Ž .F t , x sŽ . ¢f# t , a t if x - a t .Ž . Ž .Ž .
For any x g R, we have
F t , x s f * t , b t x t q f t , x x t q f# t , a t x tŽ . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .A Ž x . A Ž x . A Ž x .1 2 3
for all t g I, where
A x s t g I : b t - x , 4Ž . Ž .1
A x s t g I : a t F x F b t , 4Ž . Ž . Ž .2
A x s t g I : a t ) x , 4Ž . Ž .3
Ž .and x is the characteristic function associated to A x for i s 1, 2, 3.A Ž x . ii
Ž Ž .. Ž Ž ..By virtue of Proposition 3.1, the compositions f# ?, a ? , f * ?, b ? are
Ž .measurable on I and hence F ?, x is measurable on I for every x g R.
Ž . Ž .On the other hand, for a.e. t g I such that a t - b t and all x g
Ž Ž . Ž ..a t , b t , we have
lim sup F t , z F F t , x F lim inf F t , z .Ž . Ž . Ž .
qy z“xz“x
Indeed, if t g I is such that f satisfies
lim sup f t , z F f t , x F lim inf f t , z for all x g RŽ . Ž . Ž .
qy z“xz“x
Ž . Ž .and a t - x s b t , we arrive at
F t , b t s f t , b t G lim sup f t , z s lim sup F t , z ,Ž . Ž . Ž . Ž .Ž . Ž .
y yŽ Ž .. Ž Ž ..z“ b t z“ b t
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and, by Proposition 3.1, we obtain
lim inf F t , z s f * t , b t s lim inf f t , zŽ . Ž . Ž .Ž .
q qŽ Ž .. Ž Ž ..z“ b t z“ b t
G f t , b t s F t , b t .Ž . Ž .Ž . Ž .
Ž . Ž .By similar arguments one can prove that F satisfies condition 2 of HR .
1Ž . < Ž . < Ž .Furthermore, there exists h g L I such that F t, x F h t for a.e.
Ž .t g I and all x g R. Hence the Theorem 2.1 ensures problem 3.7 has the
extremal solutions.
Ž .Now we are going to prove that every x solution of 3.7 satisfies
a F x F b.
Ž . Ž . Ž .Assume x is a solution of 3.7 such that a Fu x. Since a 0 F x 0 , there
exist t , t g I with t - t ,1 2 1 2
xa t ) x t for all t g t , t and a t s x t . 3.8Ž . Ž . Ž Ž . Ž . Ž .1 2 1 1
Ž .Now, since x is a soultion of 3.7 , we have
w xx9 t s f# t , a t for a.e. t g t , t .Ž . Ž .Ž . 1 2
w x Ž .Now, integrating from t to t g t , t and using condition 3.4 , we obtain1 1 2
t w xx t s x t q f# s, a s ds G a t for all t g t , t ,Ž . Ž . Ž . Ž .Ž .H1 1 2
t1
Ž .in contradiction to 3.8 .
Ž . Ž .LEMMA 3.3. Assume that conditions B and HR are satisfied.
Ž . Ž . Ž . Ž .If x , x , . . . , x g AC I are solutions of 3.1 ] 3.2 , then Y t s1 2 n
 Ž . Ž .4max x t , . . . , x t for all t g I is a lower solution of the same problem and1 n
Ž .  Ž . Ž .4y t s min x t , . . . , x t for all t g I is an upper solution.1 n
 4 Ž . Ž .Proof. For n s 2, Y s max x , x . Obviously, Y g AC I and Y 9 t s1 2
Ž Ž ..f t, Y t for a.e. t g I. Moreover,
Ž . Ž Ž . . Ž Ž . . Ž . Ž .a B Y 0 , Y s B x 0 , Y if x 0 G x 0 ,1 1 2
Ž . Ž Ž . . Ž Ž . . Ž . Ž .b B Y 0 , Y s B x 0 , Y if x 0 - x 0 .2 1 2
Ž . Ž Ž . . Ž Ž . .If case a holds we have B x 0 , Y F B x 0 , x s 0. Similarly,1 1 1
Ž Ž . . Ž .B Y 0 , Y F 0 if we are in situation b .
The result for an arbitrary number of solutions n is deduced by an
argument of induction.
The fact that y is an upper solution can be proven in an analogous way.
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THEOREM 3.4. Let a and b be, respecti¤ely, a lower and an upper
Ž . Ž .solution of 3.1 ] 3.2 .
Ž . Ž . Ž . Ž .Assume that a t F b t for all t g I and that conditions B and HR
are satisfied.
Ž . Ž . w xThen problem 3.1 ] 3.2 has the extremal solutions in a , b .
Proof. We shall divide the proof into two steps.
Ž w x. Ž . Ž .Step 1 Existence of Solutions in a , b . If a 0 s b 0 , then, by the
Ž . w xproperties of B, any solution of the differential equation 3.1 in a , b is
Ž . Ž .a solution of 3.1 ] 3.2 .
Ž . Ž .Let us suppose that a 0 - b 0 .
w Ž . Ž .x Ž .First, for every A g a 0 , b 0 , we shall denote by P the followingA
initial value problem:
x9 t s f t , x t for a.e. t g I ,Ž . Ž .Ž .
x 0 s A.Ž .
Ž . w xBy Theorem 2.4, problem P has the extremal solutions in a , b forA
w Ž . Ž .xevery A g a 0 , b 0 .
Define
w xX s A g a 0 , b 0 : ’ x g a , b solution of P Ž . Ž . Ž .A
such that B x 0 , x F 0 .4Ž .Ž .
Ž . w xThe set X is not empty. In fact, a 0 g X because if x g a , b is a
Ž .solution of P , then, since B is nonincreasing with respect to its seconda Ž0.
variable, we have
B x 0 , x s B a 0 , x F B a 0 , a F 0.Ž . Ž . Ž .Ž . Ž . Ž .
 4Let A* s sup X and let A ; X be a nondecreasing sequencen ng N
such that lim A s A*.n“‘ n
w x Ž .For every n g N we take x g a , b to a solution of P such thatn A n
B x 0 , x F 0,Ž .Ž .n n
which is possible by the definition of X.
 4We can assume that x is nondecreasing: if it was not, we couldn ng N
construct another sequence with the same properties which is nonde-
creasing:
u ’ x , u t s max u t , x t for n G 2 and all t g I. 4Ž . Ž . Ž .1 1 n ny1 n
DISCONTINUOUS DIFFERENTIAL EQUATIONS 477
Ž . Ž . Ž .Obviously, u g AC I for all n g N and, since u 0 s x 0 and u G x ,n n n n n
we obtain
B u 0 , u F B x 0 , x F 0.Ž . Ž .Ž . Ž .n n n n
1Ž .We also know that there exists c g L I such that
Xu t s f t , u t F c t for a.e. t g I.Ž . Ž . Ž .Ž .n n
Thus, using the Ascoli]Arzela theorem, together with the monotonicity of´
 4the given sequence, we conclude that u converges uniformly on I ton ng N
Ž .some u g C I .
For every t , t g I with t F t we have1 2 1 2
t2u t s u t q f s, u s ds for all n g N,Ž . Ž . Ž .Ž .Hn 2 n 1 n
t1
where, by an application of Fatou’s lemma, we get
t2u t F u t q lim sup f s, u s ds. 3.9Ž . Ž . Ž . Ž .Ž .H2 1 n
t n“‘1
 4Since u is nondecreasing, and by the definition of f#, we haven ng N
lim sup f s, u s F lim sup f s, z s f# s, u sŽ . Ž . Ž .Ž .Ž .n
yn“‘ Ž Ž ..z“ u s
w x Ž Ž ..for a.e. s g t , t . Finally, by Proposition 3.1, we know that f# ?, u ? is1 2
Ž .measurable on I and, from 3.9 , we conclude that
t2u t F u t q f# s, u s ds for t , t g I , t F t . 3.10Ž . Ž . Ž . Ž .Ž .H2 1 1 2 1 2
t1
Ž Ž . .  4On the other hand, B u 0 , u F 0 for all n g N and u is nonde-n n n
Ž .creasing. Hence, using assumption B , we have
B u 0 , u F B u 0 , u F 0 for all n g N.Ž . Ž .Ž . Ž .n n n
Ž .  Ž .4Now, by condition 3.3 and the monotonicity of u 0 , we arrive atn
B u 0 , u F lim inf B z , uŽ . Ž .Ž .
yŽ Ž ..z“ u 0
F lim inf B u 0 , u F 0.Ž .Ž .n
n“‘
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Ž .Now, if b 0 s A*, we consider the initial value problem
x9 t s F t , x t for a.e. t g I , x 0 s A*, 3.11Ž . Ž . Ž . Ž .Ž .
where
¡f t , b t if x ) b t ,Ž . Ž .Ž .~ f t , x if u t F x F b t ,Ž . Ž . Ž .F t , x s 3.12Ž . Ž .¢f# t , u t if x - u t .Ž . Ž .Ž .
Ž .Problem 3.11 verifies the conditions of Theorem 2.1 so it has the
extremal solutions. As in the proof of Theorem 2.4 one can prove that
Ž . w x w xevery solution of 3.11 lies in u, b . Hence there exists x g u, b , a
Ž .solution of P .A*
By the properties of B we obtain
0 G B u 0 , u G B x 0 , x G B b 0 , b G 0.Ž . Ž . Ž .Ž . Ž . Ž .
Ž . Ž . w xThus x is a solution of 3.1 ] 3.2 in a , b .
Ž .  4 Ž Ž .xIf A* - b 0 we take a nonincreasing sequence B in A*, b 0n ng N
such that lim B s A*. Analogous arguments to the previous onesn“‘ n
w x Ž .show that for every n g N there exists ¤ g u, b , a solution of P ,n Bn
such that
B ¤ 0 , ¤ ) 0,Ž .Ž .n n
 4 Ž .and the sequence ¤ converges uniformly on I to some ¤ g C I .n ng N
Furthermore, we can assume that the sequence is nonincreasing.
 4Repeating the arguments we used concerning the sequence u , wen ng N
Ž Ž ..can prove that f * ?, ¤ ? is measurable on I, for every t , t g I with1 2
t F t we have1 2
t2¤ t y ¤ t G f * s, ¤ s dsŽ . Ž . Ž .Ž .H2 1
t1
and
B ¤ 0 , ¤ G 0.Ž .Ž .
Ž . w xBy Lemma 3.2, problem P has at least one solution in x g u, ¤ .A*
Now, using the properties of B, we have
0 F B ¤ 0 , ¤ F B x 0 , x F B u 0 , u F 0.Ž . Ž . Ž .Ž . Ž . Ž .
Ž . Ž . w x w xHence x is a solution of 3.1 ] 3.2 in u, ¤ ; a , b .
DISCONTINUOUS DIFFERENTIAL EQUATIONS 479
Ž w x.Step 2 Existence of the Extremal Solutions in a , b . We shall only
Ž . Ž . w xprove that problem 3.1 ] 3.2 has the minimal solution in a , b since the
arguments to prove the existence of the maximal one are symmetric.
Define
w xS s x g a , b : x solution of 3.1 ] 3.2 4Ž . Ž .
Ž . Ž .and let u t s inf x t for every t g I.x g S
 4Let D s t ; I be a dense subset of I and take, for every j g N,j jg N
 j 4a sequence x in S such thatk k g N
lim x j t s u t for all j g N.Ž . Ž .k j j
k“‘
For every n g N, we define
j  4x t s min x t : j, k g 1, . . . , n ,Ž . Ž . 4n k
Ž . Ž .which, by Lemma 3.3, is an upper solution of 3.1 ] 3.2 , i.e.,
B x 0 , x G 0.Ž .Ž .n n
 4Moreover, x is nonincreasing and converges uniformly on I to an ng N
Ž .certain ¤ g C I . By the construction of ¤ and u, we have
¤ t G u t for all t g I and ¤ t s u t for all j g N. 3.13Ž . Ž . Ž .Ž . Ž .j j
Ž Ž ..Repeating the arguments of Step 1, f * ?, ¤ ? is measurable on I and
for any t , t g I with t F t , we have1 2 1 2
t2¤ t y ¤ t G f * s, ¤ s ds.Ž . Ž . Ž .Ž .H2 1
t1
Ž . Ž Ž . .Furthermore, by condition 3.3 we have that B ¤ 0 , ¤ G 0.
Consider now the problem
x9 t s F t , x t for a.e. t g I , x 0 s ¤ 0 ,Ž . Ž . Ž . Ž .Ž .
where
¡f * t , ¤ t if x ) ¤ t ,Ž . Ž .Ž .~ f t , x if a t F x F ¤ t ,Ž . Ž . Ž .F t , x sŽ . ¢f t , a t if x - a t .Ž . Ž .Ž .
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Ž .By Theorem 2.1 this problem has a solution x g AC I , which can be
Ž . Ž . Ž .proven to satisfy a t F x t F ¤ t for all t g I. Hence
B x 0 , x G B ¤ 0 , ¤ G 0,Ž . Ž .Ž . Ž .
Ž . Ž .and thus x is an upper solution of 3.1 ] 3.2
Ž . Ž . w xBy Step 1, there exists a y solution of 3.1 ] 3.2 in a , x . Now it is easy
Ž . Ž . w xto prove that y is the minimal solution of 3.1 ] 3.2 in a , b .
4. EXAMPLES
In this section we are going to show the applicability of Theorem 3.4.
EXAMPLE 1. The following is a modified version, considering a func-
w xtional condition, of Example 1 in 11
w xx9 t s f t , x t for a.e. t g 0, 2p ,Ž . Ž .Ž .
4.1Ž .1r3
x 0 s 1 q x s ds ,Ž . Ž .H
0
w xwhere y denotes the greatest integer less than or equal to y g R and
f t , x s yx 2 y 2p x q cos2 t y sin t q 2p cos tŽ . Ž . Ž . Ž .
for all t , x g R2 .Ž .
In this case
1r3
B a, j s a y 1 y j s ds for all a, j g R = BV I ,Ž . Ž . Ž . Ž .H
0
Ž .which, clearly, satisfies condition B .
Ž . Ž .We are going to prove 4.1 has a solution x such that x t G 0 for all
w xt g 0, pr3 .
First, let us observe that there is no real constant K G 0 such that
Ž . w x Ž .a t s K for t g 0, 2p is a lower solution of 4.1 .
However, the function
w x0 if t g 0, pr3 ,
a t sŽ . ½ xt y 2p if t g pr3, 2pŽ
Ž .is a lower solution of 4.1 and b ’ p is an upper solution.
Ž . w xHence, by Theorem 3.4, 4.1 has the extremal solutions in a , b so, in
Ž . Ž .particular, there exists at least one solution x such that x t G a t s 0
w xfor all t g 0, pr3 .
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Ž Ž . w x Ž .Note that x t s cos t for all t g 0, 2p is a solution of 4.1 satisfying
.such a condition.
EXAMPLE 2. Let
3w xx q f t , x if x G 1,Ž .
g t , x sŽ . ½ f t , x if x - 1,Ž .
where f was defined in Example 1, and let
3 1
B u , j s u y y sup j t for all u , j g R = BV I ,Ž . Ž . Ž . Ž .
2 2 tgI0
w xwhere I s pr2, 3pr2 .0
Consider the problem
w xx9 t s g t , x t for a.e. t g I s 0, 2p , B x 0 , x s 0. 4.2Ž . Ž . Ž . Ž .Ž . Ž .
Note that, in this case,
3 1
B x 0 , x s 0 m x 0 s q sup x t .Ž . Ž . Ž .Ž .
2 2 tgI0
The function g is discontinuous for x s k, k g N, but
lim g t , z - g t , k s lim g t , z for all t g I and all k g N,Ž . Ž . Ž .
y qz“k z“k
Ž . Ž .so g satisfies condition 2 of HR . Moreover, it is easy to prove that g
Ž .satisfies HR .
Ž . Ž .On the other hand, B satisfies B , and the functions a t s cos t and
Ž .b t s 2 q cos t for all t g I are, respectively, a lower and an upper
Ž .solution of 4.2 .
Ž .Hence, by Theorem 3.4, we have that problem 4.2 has the extremal
w xsolutions in a , b .
w x Ž . w Ž .xFinally, note that if x g a , b is a solution of 4.2 , then sup x tt g I0
can only take the values: 0, 1, and 2. Thus, since
3 1
x 0 s q sup x t ,Ž . Ž .
2 2 tgI0
Ž . w xall the solutions of 4.2 in a , b must start at one of the following initial
conditions: 3r2, 2, or 5r2.
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